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The effective low energy description of interacting Dirac and Weyl semimetals is that of massless
Quantum Electrodynamics with several Lorentz breaking material parameters. We perform a renor-
malization group analysis of Coulomb interaction in anisotropic Dirac and Weyl semimetals and
show that the anisotropy persists in the material systems at the infrared fixed point. In addition,
a tilt of the fermion cones breaking inversion symmetry induces a magneto–electric term in the
electrodynamics of the material whose magnitude runs to match that of the electronic tilt at the
fixed point.
I. INTRODUCTION
The experimental realization of Dirac and Weyl
semimetals (WSM) in three dimensions (3D)[1–6] has
opened a new avenue in condensed matter physics in
the post–graphene era. The attraction of these mate-
rials comes in part from the shared properties with their
high energy counterparts and the fruitful in-breeding that
their studies bring to both communities.
The effective low energy model of interacting WSMs
is very similar to massless (zero fermion mass) Quan-
tum Electrodynamics (QED). The breakdown of Lorentz
symmetry induced by various material parameters (the
separation of the Weyl nodes, the departure of the Fermi
velocity from the speed of light c and, eventually, the tilt
of the cones) does not alter significantly the renormal-
ization properties of the system. In particular, its most
relevant feature, the infrared stable fixed point, survives
in these Lorentz breaking models. Lorentz invariance vi-
olating terms (LIV) in pure QED have been extensively
explored in the context of Quantum Field Theory [7–
10] where astrophysical observations put severe bounds
to their presence [11]. A renormalization group (RG)
analysis of all the possible LIV breaking parameters was
performed in [12] with the finding that full Lorentz in-
variance (rotations and boosts) is always restored at the
infrared critical point.
In the condensed matter context the main question is
the stability and ultimate fate of the system in the in-
frared limit. Systems with a regular Fermi velocity were
analyzed in [13] and shown to give rise to standard Fermi
liquid. Singular Fermi surfaces in 2D were explored in the
early publications [14, 15] associated to graphene. There
it was shown that the Fermi velocity grows monotonically
till it reaches the speed of light, a result that has been
later obtained by many techniques (see a recent account
with a fair list of references in [16]) and was confirmed
experimentally in [17, 18]. This result is very robust al-
though the infrared fixed point with vF = c is experi-
mentally unreachable [19, 20]. A very complete analysis
of the 2D model including short range interactions has
appeared in the recent publication [21].
RG phases of the 3D massless QED problem in a
condensed matter framework were explored in the early
works [22, 23] prior to the experimental realization of
Dirac and Weyl semimetals (see also [24]). The non–
relativistic limit with a static Coulomb potential was
later addressed in [25–27]. A crucial difference with the
2D case is that the polarization diagram is finite in the
2D case and does not induce a renormalization of the
permeability or susceptibility. The speed of light and
the electric charge are not renormalized and the RG run-
ning of the effective coupling constant comes solely from
the Fermi velocity renormalization. The same happens
in 3D with the static Coulomb propagator. When tak-
ing into account the full retarded photon propagator in
3D the divergent polarization diagram renormalizes the
velocity of light through the electric permeability and
the magnetic susceptibility. The full relativistic isotropic
case was analyzed in [22, 23]; it was found that both the
fermion and photon velocities run to a common, isotropic
and non–universal value at the infrared fixed point. This
restores Lorentz symmetry, in particular it allows to de-
fine a single Lorentz factor. Rotational invariance was
not questioned in these works. The material realizations
show a Fermi velocity anisotropy and tilt, both affecting
the SO(3) rotational symmetry, a part of the Lorentz
group.
In this work we analyze the renormalization of the var-
ious parameters of the WSM interacting model using the
full Coulomb interaction mediated by relativistic pho-
tons. In particular we analyze the case of an initially
anisotropic dispersion relation and a tilt. Similarly to
what happens in the isotropic case discussed in [23, 24],
we find that anisotropic fermion and photon velocities
also run to a common, non–universal value at the fixed
point. Hence Lorentz boosts can be defined at each par-
ticular direction but rotational symmetry is not recov-
ered at the infrared fixed point. We also find that a tilt t
in the matter sector that breaks inversion symmetry (I)
induces a magneto–electric coupling in the WSM electro-
dynamics whose value runs to a common, non–vanishing
value with t in the infrared fixed point. Contrary what
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2happens in the static limit [27], in this fully relativistic
analysis, the tilt does not vanish in the infrared fixed
point.
In contrast to the high energy context, LIVs terms of
WSMs are not restricted to very small values and their
experimental accessibility selects a preferred frame and
allows for the anisotropic fixed point described in this
work. In particular, the Fermi velocity and tilt of the
interacting fermionic system can be directly observed
in angle resolved photoemission (ARPES) experiments
[28–31], providing physical initial values for the RG flow
ending in the anisotropic fixed points. Standard opti-
cal probes can also reveal birefringence associated to the
time–reversal (T ) breaking tilt term.
We do not address the role of short range interactions,
disorder, or non–perturbative effects leading to sponta-
neous symmetry breaking; some of these issues have been
explored in [32–36]. The vector bµ separating the Weyl
cones in T broken WSMs does not alter our results. Fi-
nally, the term “anisotropic WSMs" often refers to sys-
tems where the electronic dispersion around a Weyl point
is linear in some directions and quadratic in others. The
RG analysis is different in these cases [37].
II. THE MODEL
Weyl fermions in WSMs can be described by a LIV
extension of massless QED. Depending on the tilt of their
energy cone, WSMs are classified as Type I and Type II
[38]. The Fermi surface of Type I is a point, while Type II
WSMs do have an extended Fermi surface, the electron–
electron interaction is screened and the scaling analysis
underlying the RG approach is substantially different (see
[13]) from the one of the Type I case. Hence, we focus
only on type I WSMs. A dispersion relation of the form
(without loss of generality we choose the tilt in the Z
direction)
E = ±
√√√√ 3∑
i=1
v2i p
2
i + tp3 , (1)
is obtained from the tree level Lagrangian
LF = iψ¯
(
γ0 (∂0 − t∂3) +
3∑
i=1
γivi∂i
)
ψ , (2)
where ψ is the fermionic field, γµ are the contravariant
gamma matrices, t is the tilt velocity that breaks both I
and T and vi are the components of the Fermi velocity. In
our convention the metric is ηµν = diag (1,−1,−1,−1).
All the velocities, including the tilt parameter, will be
given in units of the speed of light in vacuum, c0 = 1. The
condition |t| < |v3| ensuring type I will be kept through-
out the work.
The electromagnetic interaction is obtained by replac-
ing the ordinary derivative of (2) by a covariant deriva-
tive
Lint = −eψ¯
(
γ0 (A0 − tA3) +
3∑
i=1
γiviAi
)
ψ , (3)
where e is the electric charge and Aµ is the photon
field. Finally, we need to construct an appropriate pho-
ton propagation. The standard term in QED (in the
Lorenz gauge ∂µAµ = 0 [44])
Lph QED = −1
4
FµνF
µν − 1
2ξ
(∂µA
µ)
2
, (4)
where Fµν = ∂µAν − ∂νAµ is the electromagnetic ten-
sor, is too much constrained by Lorentz invariance and
does not allow to renormalize the vacuum polarization
divergencies arising in the anisotropic WSM. We need a
term that reflects the anisotropy of the media, so we in-
troduce a polarization tensor in which the permittivity 
and permeability µ (both of them will be given in units of
the permittivity 0 and permeability µ0 of the vacuum)
depend on the direction in which they are measured.
Lph = 1
2
3∑
i=1
(
iE
2
i −
1
µi
B2i
)
− 1
2ξ
(∂µA
µ)
2
, (5)
where ~E and ~B are the electric and magnetic fields de-
fined in terms of the photon field in the standard way:
Ei = ∂0Ai − ∂iA0, Bi = −ijk∂jAk. Finally, we will see
that a fermion tilt generates additional polarization di-
agrams that can not be absorbed in the parameters in
eq. (5). If the tilt is chosen to be in the Z direction,
the photon propagator needs a structure analog to the
fermion tilt which consists of replacing
E1 → E1 + ω1B2 , E2 → E2 − ω2B1 , (6)
in eq. (5) so that the permeability in the plane per-
pendicular to the electronic tilt is modified and a linear
magneto–electric term is generated.
Lph = 1
2
3∑
i=1
(
iE
2
i
)− 1
µ1
(
1− ω
2
1
c21
)
B21
− 1
µ2
(
1− ω
2
2
c22
)
B22 −
1
µ3
B23
+ 1ω1E1B2 − 2ω2E2B1 − 1
2ξ
(∂µA
µ)
2
, (7)
where we have defined ci = c0/
√
iµi.
III. RENORMALIZATION OF THE MODEL
In QED there are three primitively divergent diagrams
depicted in Fig. 1. For anisotropic WSMs the same
3Figure 1: 1-loop divergent diagrams of QED. a) Electron self-
energy, b) Vertex, c) Vacuum polarization.
three diagrams give rise to various independent diver-
gences due to anisotropy. Potentially divergent one–loop
diagrams with with three and four external photon legs
arising from LIV QED have been demonstrated to vanish
in ref. 12.
Feynman diagrams of the model are constructed with
the following propagators and vertex:
SF(k) =
i
γ0 (k0 − tk3) +
∑3
i=1 γ
iviki
, (8)
Gµν = iM
−1
µν , (9)
V µ = −ielµνγν , (10)
lµν =

1 0 0 0
0 v1 0 0
0 0 v2 0
−t 0 0 v3
 , (11)
and the matrixMµν is the one that appears when eq. (7)
is rewritten as
Lph = 1
2
AµMµνA
ν . (12)
Symbolically, the electron self-energy, vacuum polariza-
tion and vertex diagrams are given by
Σ(p) =
∫
d4k
(2pi)4
V µSF(p− k)V νGµν(k) , (13)
Πµν(q) = −
∫
d4k
(2pi)4
Tr [V µSF(k)V νSF(k − q)] ,(14)
Γµ(0, 0) =
∫
d4k
(2pi)4
V aSF(k)V
µSF(k)V
bGab(k) .(15)
A set of 13 counterterms are introduced in the parameters
of the lagrangian to cancel the divergencies of these dia-
grams. Due to gauge invariance, not all are independent.
We choose a renormalization of the polarization tensor
such that neither the photon field Aµ nor the electric
charge e renormalize. The parameters i, µi determine
the renormalization of the speed of light in the different
directions.
IV. BETA FUNCTIONS AND RESULTS
The beta functions of the parameters of the model are
defined by βx ≡ dx/d(log Λ), where Λ is the energy scale
introduced in the renormalization procedure. We have
used a dimensional regularization scheme to define the
counterterms described in Appendix A which leads to
the following beta functions
βt = α33
(
tF 00 + F
0
3
)
, βvi = αii
(
viF
0
0 − F ii
)
, i = 1, 2, 3
βω1 =
2α1
3
v1
v2v3
(ω1 − t) , βω2 =
2α2
3
v2
v1v3
(ω2 − t) , (16)
β1 = −
2α1
3
1
v1
v2v3
, β2 = −
2α2
3
2
v2
v1v3
, β3 = −
2α3
3
3
v3
v1v2
,
βµ1 =
2α1
3
1µ
2
1
v2
(
v23 − (t− ω2)2
)
v1v3
, βµ2 =
2α2
3
2µ
2
2
v1
(
v23 − (t− ω1)2
)
v2v3
, βµ3 =
2α3
3
3µ
2
3
v1v2
v3
, (17)
In what follows we will analyze the RG flows of the
most significant examples. The dimensionless coupling
constants of our theory are given by αi ≡ α/i for i =
1, 2, 3. They go to zero in the infrared limit in all the
cases analyzed through the article.
A. Isotropic case
To fix the notation and as a consistency check we have
first analyzed the isotropic case (vi = v) without tilt.
This case has already been studied in the literature [23,
24]. Our results are shown in Fig. 2 for the initial values
given in the caption. The coupling constants go to zero
in the infrared limit (Fig. 2 (a). We took α = 1 as
initial value to compare with the results of ref. [23] but
the rapid decrease of the couplings ensures the validity of
perturbation theory. The velocity of light in the isotropic
case is and ci = 1/iµi, i = 1, 2, 3.
In Fig. 2(b) we show the running of the isotropic elec-
tric susceptibility  and magnetic permittivity µ. In all
cases analyzed they run to infinity and zero respectively
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Figure 2: Isotropic runnings of various parameters for the initial values vi = 0.01, i = 2, µi = 2, with i = 1, 2, 3.
in the infrared and their product sets the running of the
velocity of light c. In Fig. 2 (c) we show the running of
the Fermi velocity and the velocity of light in the mate-
rial. As we see, they converge to the same non–universal
value which is approximately cIRi = (c2i vi)1/3. This agrees
with the results in [23, 24].
B. Anisotropic Fermi velocity and no tilt.
To our best knowledge this case has not been studied
previously in the literature. Surprisingly, rotational sym-
metry is not recovered at the fixed point. Our results are
shown in Fig. 3 for the initial values:
α = 1, v1 = 0.01, v2 = 0.02, v3 = 0.03,
i = 1, µ1 = 5, µ2 = 10, µ3 = 15 .
An analysis of the electromagnetic modes in this
anisotropic case shows that, at the fixed point, there are
two transverse modes whose velocities are not given by
the simple relation of the isotropic case ci = c0/
√
iµi
but by the following expressions
c
(1)
1 =
c0√
2µ3
, c
(1)
2 =
c0√
3µ1
, c
(1)
3 =
c0√
2µ1
, (18)
c
(2)
1 =
c0√
3µ2
, c
(2)
2 =
c0√
1µ3
, c
(2)
3 =
c0√
1µ2
. (19)
Their beta functions are given by
β
c
(1)
1
=
α3
3c
(1)
1
v3
v1v2
((
c
(1)
1
)2 − v21 (1− (t− ω1)2v23
))
,(20)
β
c
(1)
2
=
α1
3c
(1)
2
v1
v2v3
((
c
(1)
2
)2 − v22) , (21)
β
c
(1)
3
=
α1
3c
(1)
3
v1
v2v3
((
c
(1)
3
)2 − v23 + (t− ω1)2) , (22)
for the first propagating mode, and
β
c
(2)
1
=
α2
3c
(2)
1
v2
v1v3
((
c
(2)
1
)2 − v21) , (23)
β
c
(2)
2
=
α3
3c
(2)
2
v3
v1v2
((
c
(2)
2
)2 − v22 (1− (t− ω2)2v23
))
,(24)
β
c
(2)
3
=
α2
3c
(2)
3
v2
v1v3
((
c
(2)
3
)2 − v23 + (t− ω2)2) , (25)
for the second one. Fig. 3(a) shows that, in the absence
of a tilt (t = ωi = 0), c
(1)
i = c
(2)
i = vi at the fixed point.
Coulomb interaction forces the fermion and photon to
propagate identically in the infrared limit at each given
direction but the system stays anisotropic. In Fig. 3(b)
we plot the running of the Fermi velocity components for
the given initial values.
C. Near–isotropic Fermi velocity and non-zero tilt.
This is the most interesting case. We begin with a
fermion cone tilted in the Z direction and isotropic Fermi
velocities in the perpendicular plane. Fig. 4 shows the
running of the tilts and velocities for the initial values
given in the caption and α = 1. As we see, the fermion
tilt t3 induces photon tilt terms in the perpendicular di-
rections ω1 and ω2, defined in eq. (6), as the energy
decreases. They run to a common value in the infrared
fixed point (Fig. 4(c)). The result can be seen analyti-
cally, by examining the beta functions
βω1 =
2α1
3
v1
v2v3
(ω1 − t) , βω2 =
2α2
3
v2
v1v3
(ω2 − t) ,
βt = α33
(
tF 00 + F
0
3
)
, (26)
it is easy to see that there is a fixed point for the ωi
parameters at ωi = t. The running of t is less transparent
due to the complicated dependence on the parameters of
the functions F ji defined in the Supplemental Material.
The physical result is the same irrespective of the initial
values of the Fermi velocity components. We have chosen
a large initial value for v3 to show an image that magnifies
the effect.
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Figure 3: (a) Runnings of the fermion and photon velocities in the X direction in the anisotropic case with no tilt for the initial
values are described in the text. Fermion and photon velocities converge to the same value at the infrared. The same happens
in the Y and Z directions. (b) Comparative runnings of the Fermi velocities in the three directions. The asymptotic fixed point
is anisotropic.
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Figure 4: Running of the tilts and velocities for the near-isotropic (v1 = v2 = 0.01; v3 = 0.03) case with a fermion tilt
t = t3 = 0.0075. 1 = 2 = 1; 3 = 3;µ1 = µ2 = 4;µ3 = 1. (a) and (b) show the running of the fermion and photon velocities
in the direction perpendicular and parallel to the tilt. (c) The initial values of the photon tilts ωi are set to zero and run to a
common value with the fermion tilt at the fixed point.
An interesting point related to the parameters ωi con-
cerns the breakdown of the discrete symmetries T and I
by the tilt velocity of the fermions. Since we were inter-
ested in the renormalization of the model, we have kept
through the work a four dimensional formulation of the
massless Lagrangian which describes, generically, a Dirac
semimetal with both cones at the same point. Accord-
ingly, the tilt discussed was the same for the two chiral-
ities, what breaks I. Nevertheless it is possible to intro-
duce an opposite tilt at the two chiralities in which case
the model keeps inversion symmetry. We have checked
that, in this case, the contribution to the divergence in
the polarization diagrams responsible for the emergence
of ωi have opposite signs in the two chiralities and can-
cel, so the magnetoelectric term is not generated. This
was to be expected considering that these terms break T
and I. In this particular case, the tilt runs to zero in the
infrared.
V. SUMMARY AND DISCUSSION
The running of the coupling constants in Quantum
Field Theory has acquired a richer physical significance
with the novel material realization. A particularly im-
6portant subject for both communities is the fate of the
parameters at the fixed point. The restoration of Lorentz
invariance has never been questioned before neither in
the high energy context nor in the condensed matter.
Our result that rotational invariance remains broken at
the infrared is unexpected, and signals an interesting as-
pect of the differences between particles propagating in
vacuum and effective low energy models of quasiparti-
cles. Interestingly, this time the difference does not lie
on the band structure but on the capability of observ-
ing certain quantities as the Fermi velocity. We have
found that the fermion tilt does not renormalize to zero
in the infrared when the polarization function of the full
retarded Coulomb interaction is properly taken into ac-
count. There are fixed points with finite values of the
electronic tilt and, more interestingly, a magneto–electric
term that tilts the photon dispersion (eq. (6)) is induced
when the tilt breaks inversion symmetry. The various
components of the dielectric tensor µν give rise to bire-
fringence, Cherenkov radiation, Faraday rotation, etc. A
very complete analysis of Lorentz-violating modification
of electrodynamics was done in ref. [9] where magneto–
electric terms of the type found in this work have been
described. In contrast to what happens in the high en-
ergy context, LIVs terms of WSMs are not restricted to
very small values and their experimental accessibility se-
lects a preferred frame and allows for the anisotropic fixed
point described in this work. The propagation of light in
WSMs has been addressed in several works [39–43].
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Appendix A: Renormalization of the model
The renormalization functions:
ψ → Zψψ , t→ Ztt , vi → Zvivi , (A1)
ωi → Zωiωi , i → Zii , µi → Zµiµi , (A2)
lead to the following diagram contributions
ΣCT(p) = i (Zψ − 1) γ0p0 − i (ZψZt − 1) tγ0p3 + i (ZψZv1 − 1) v1γ1p1
+ i (ZψZv2 − 1) v2γ2p2 + i (ZψZv3 − 1) v3γ3p3 ,
Π01CT(q) = i (Z1 − 1) 1
(
q0q1
)
+ i (Z1Zω1 − 1) 1ω1
(
q1q3
)
,
Π02CT(q) = i (Z2 − 1) 2
(
q0q2
)
+ i (Z2Zω2 − 1) 2ω2
(
q2q3
)
,
Π03CT(q) = i (Z3 − 1) 3
(
q0q3
)− i (Z1Zω1 − 1) 1ω1 (q1q1)
− i (Z2Zω2 − 1) 2ω2
(
q2q2
)
,
Π12CT(q) = −i (Zµ3 − 1)
1
µ3
(
q1q2
)
,
Π13CT(q) = −i
(
(Zµ2 − 1)
1
µ2
+
(
Z1Z
2
ω1 − 1
)
1ω
2
1
)(
q1q3
)
,
− i (Z1Zω1 − 1) 1ω1
(
q0q1
)
,
Π23CT(q) = −i
(
(Zµ1 − 1)
1
µ1
+
(
Z2Z
2
ω2 − 1
)
2ω
2
2
)(
q2q3
)
,
− i (Z2Zω2 − 1) 2ω2
(
q0q2
)
, (A3)
among others. These are the ones we choose to compute the runnings of the parameters, and it has been checked that
the other contributions lead to the same set of RG equations. Surprisingly, the vacuum polarization diagram eq. (14)
8has a simple analytic solution for the components we are interested in:
Π01(q) = i
2α
3
v1
v2v3
(
q0q1 + t q1q3
) 1
ε
,
Π02(q) = i
2α
3
v2
v1v3
(
q0q2 + t q2q3
) 1
ε
,
Π03(q) = i
2α
3
1
v1v2v3
(
v23 q
0q3 − tv21 q1q1 − tv22 q2q2
) 1
ε
,
Π12(q) = i
2α
3
v1v2
v3
q1q2
1
ε
,
Π13(q) = i
2α
3
v1
v2v3
((
v23 − t2
)
q1q3 − t q0q1) 1
ε
,
Π23(q) = i
2α
3
v2
v1v3
((
v23 − t2
)
q2q3 − t q0q2) 1
ε
, (A4)
where α = e2/(4pi2~0c0) and 1/ε represents the one loop divergence.
In contrast, the electron self–energy has to be written in terms of numerical functions. It is convenient to define
first SµνF (p− k) ≡ α−1V µSF(p− k)V ν and SµνFab(k) as the term that is proportional to γapb after Taylor expanding in
the external momentum p. Then, the term proportional to the pole ε−1 can be computed in terms of an integral of
kE0 after Wick rotating k0 → ikE0 and another two integrals in spherical coordinates.
Defining the numerical functions
F ba ≡
1
4pi2
∫ ∞
−∞
dkE0
∫ pi
0
dθ sin θ
∫ 2pi
0
dϕ k3SµνFab(k
E
0 , k, θ, ϕ)Gµν(k
E
0 , k, θ, ϕ) , (A5)
the electron self–energy is given by
Σ(p) ≡
(
iαF 00 γ
0p0 + iαF
0
3 γ
0p3 + iαF
1
1 γ
1p1
+ iαF 22 γ
2p2 + iαF
3
3 γ
3p3
)1
ε
. (A6)
Although we have chosen not to renormalize the electric charge, for completeness we quote the one–loop vertex funtion
which is given by: Γ0(0, 0) ≡ −iαF 00 eγ0.
